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(A2.12) (1 - aI2 1 - (a2/f) exp(-b2h2/3) 
1 - a2/f [l - a e ~ p ( - b ~ h ~ / 6 ) ] ~  

P, (h) = ___ 

where b is the effective bond length and h = (4aIX) sin 012. 
Mean Square Radius of Gyration. The mean square ra- 

dius of gyration may be found from the power expansion of 
the particle scattering factor 

Pz(h) = 1 - 1/3(S2),h2 + .  . . (A2.13) 

Expansion of eq A2.12 gives 

a b2h2/6)2 (A2.14) 

and 

P,(h) = 1 - b2h2/3 + , . . (A2.15) 

Hence 

Since cy 1 eq A2.14 can be written as 

P,(h) = (1 + (S2)h2/6)-2 (A2.17) 
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ABSTRACT: I propose a new type of scattering technique which includes measurements of scattering intensities at 
two angles and accumulates the spatial correlation of fluctuations of elastic scattering from solutions. A theoretical 
analysis of the proposed method shows that it contains structural information much more detailed than the classical 
diffuse, orientationally averaged scattering intensity pattern. In principle it approaches the information obtainable 
from difffraction studies of single crystals. A data acquisition and reduction scheme is described. It solves the coeffi- 
cients of expansion in spherical harmonics that give the oriented, single-particle scattering intensity pattern. The 
experimental conditions required to perform the proposed measurements and the resolution limitations are dis- 
cussed. A simple example is presented as an illustration. 

diffuse scattering from solutions in which the detailed atomic 
information is obscured by orientational averaging of the 
scattering pattern, and lower resolution is achieved. 

Recent development in scattering experiments incorpo- 
rating intense x-ray and neutron sources and rapid posi- 
tional-sensitive detectors makes it possible to record the 

(I) Introduction 
X-ray and thermal neutron scattering are among the most 

direct probes of the atomic structure of molecules. Still, in 
practice, their use for determination of the structure of mac- 
romolecules depends on one hand on the availability of single 
crystals, or on the other hand one has to suffice with low-angle 
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Figure 1. Transformation of rigid particle to an arbitrary orientation 
using the three successive Eulerian rotations, with angles a, 6, and 
y. a is a rotation around the z axis, 6 is rotation around they axis, and 
y is rotation around the new z axis. 

scattering pattern from solutions over a wide range of scat- 
tering angles, in times comparable to macromolecular reori- 
entation. In this note I investigate the theoretical possibility 
of performing measurements that reveal information about 
the scattering pattern of macromolecules in solution which 
is much more detailed than that hitherto obtainable from 
classical low-angle scattering experiments. Probing the 
structural details that are usually averaged in conventional 
scattering measurements becomes possible by considering the 
fluctuations in the distribution of orientation of individual 
scatterers, which cause the momentary scattering intensity 
to fluctuate about the average. The enhancement of the signal 
from fluctuations derived from random rotation of the particle 
can be performed experimentally by time averaging the 
product of the instantaneous intensity pattern a t  two scat- 
tering directions. This data acquisition technique which may 
be called “spatial correlation” can be used to derive the ori- 
ented single-particle scattering pattern. The technique is 
applicable to x ray, neutron, and light scattering from mac- 
romolecules. We may expect different resolution with com- 
plementary information from the three experimental meth- 
ods. The experiments become easier to perform, the larger the 
scatterers are. Thus the technique complements crystallog- 
raphy, which under such circumstances is becoming harder 
to apply. 

We first formally develop the relations between the pro- 
posed measurable correlations and the single-particle scat- 
tering function. The results are then explored qualitatively, 
and a specific example is demonstrated. 

(11) Formal Derivation 
Consider a suspension (solution) of N identical particles, 

each having an electron density function p(r), randomly ori- 
ented in space. The scattering intensity pattern from one of 
these particles as a function of the scattering vector K is given 
by: 

S(W,K) = I S d r p ( R ( ~ ) r ) e ~ ~ ‘ ~ I  = I A ( u , K ) ~ ~  (1) 

where R(w) is the rotation operator which rotates the particle 
from the arbitrarily defined initial position p(r) to any other 
orientation. In the treatment below it will be most convenient 
to use the three Eulerian angles of rotation of a rigid body w 
= (a&) (Figure 1). The scattering vector K ,  given by the dif- 
ference of the scattered and incident vectors k, and k i ,  is 

K = k ,  - ki (2) 

and its magnitude is: 

Figure 2. Illustration of the scattering configuration. The z axis was 
taken along the incident beam vector, ki. The polar angles (28,9) of 
the scattered beam vector k ,  and (e*,@) of the scattering vector K = 
k ,  - ki are marked. 

I K I  = 21kil sin 0 = 21kil I cos O*I = 21h,l sin O (3) 

The scattered photon direction k ,  is defined by the angles R 
= (20 ,  a), and the direction of K by R* (Figure 2 ) :  

R* = (e*,  a) = (90 + 0, $1 (4) 

The classical diffuse time-average scattering from this so- 
lution is obtained from S(W,K) by averaging over the particle 
orientations and is axially symmetric around the z axis: 

where 

dw l: d r  J“ sin /3 d/3 J 2 T  da  = 8x2 (6) 

In the above expression the distribution of the orientation of 
the particles averaged over time was taken as isotropic. On the 
other hand, at  each given moment the actual orientation 
distribution of the particles fluctuates around the average 
isotropic one, so that the number of particles in a defined 
orientation increment dw around w can be written as 

N 
NAw) dw = [ - t at (w)]  dw 

8x2 

and the momentary scattering pattern will be (neglecting in- 
terparticle coherent scattering fluctuations’): 

St(K) = s(lKI) f .fs(W,x)at(w) dw (8) 

The second term in the right hand side of eq 8 is the fluctu- 
ating part of the scattering pattern. Each time a fluctuation 
in the number of molecules in a certain orientation w occurs, 
a corresponding change will be detected in & ( K )  such that for 
different values of K this change will be proportional to S(W,K). 
Suppose S(W,K) has peaks for a certain wo at values K O  and ho’ 
and let us assume for the sake of the argument that there is 
no other value of w for which S(W,K) has such peaks at  both ho 
and ko’ (although a peak may occur for one of these values). 
By looking at  st(K) we detect from time to time peaks for k o  
and ko‘, which then broaden and decay in time depending on 
the rotational diffusion coefficient (see next section). That 
part of the fluctuations for different values of K which corre- 
sponds to the same w can be extracted (out of the fluctuations 
due to different w )  by cross correlating and time-averaging the 
products of the momentary scattering intensities. This will 
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enhance the variations of S(W,K) for two different values of K 

that rise and fall together due to rotations of the same particle 
and average out random changes due to fluctuations in angular 
distribution of different particles. 

Let us define 

D(Ki,Kd = (St(KdSt(K2)) (9) 

where the brackets ( ) denote the time average. Substituting 
eq 8, and using the fact that  the time average of a t ( w )  is zero, 
that  there is no correlation between the fluctuations in the 
number of particles in two different orientations, and that the 
mean-square fluctuations are proportional to the number of 
particles, i.e., 

we get 

where: 

As S( I K J )  and C ( K ~ , K ~ )  are measurable quantities, we see that 
one can extract from such experiment not only the angular 
average of the scattering pattern (eq 5) but also the average 
of its products for two arbitrary scattering directions. 

We use the common expansion in spherical harmonics2q3 
to give eq 1 2  a practically useful form. Let us write 

S(O,K) = ~lrn(~K~)Ylrn(fi*) (13) 

Then, upon rotation of the particle the spherical harmonics 
transform according to the rotation matrices4 RLr,(w) 

S(W,K)  = Slrn ( 1  K ( )  YLrn'(fi*)R L,m(w) (14) 

lrn 

lmm' 

We use the orthogonality of R ~ , , ( W ) ~  

and the addition theorem* 

where $is the angle between the directions R1* and R2* of ~1 
and K ~ ,  respectively. Substituting eq 14 into eq 12 using eq 15 
and 16 we obtain: 

N 1 
C(KljK2) = -~Ppl(cos$') 4a 1 [ rn=-1 slrn(lKil)slrn*(lK2l)] 

E C(IKil,lKzl,$') (17) 
This result may be written together with the corresponding 
formula for diffuse scattering 

S ( ( K I )  = (4*)"2sOO(lK() (18) 
in order to compare the information contained in C ( K ~ , K ~ )  to 
that of the average diffuse scattering, S ( I K I ). S ( I K I ) contains 
only the orientationally averaged isotropic scattering com- 
ponent, whereas eq 17 exhibits the contribution of all the 
spherical harmonic components of the oriented single particle. 
Moreover, the contribution of each angular momentum, I ,  has 
a well-defined angular dependence given by the lth Legendre 
polynomial. As we discuss in the next section, this property 
enables one to eliminate directly (although not quite 
uniquely) all the Spl, ( 1  K I )  components. This is far more pow- 
erful than the usual iterative procedure that best fits the ex- 
perimental S( I K I  ) to model calculations of different scatterer 
shapes. 

Y 
4 

Figure 3. The range of angles $ between two scattering vectors of 
given magnitude. The scattered beams span two cones forming angles 
201 and 282 with the incident beam direction. 

(111) Treatment of Experimental Data 
Equation 17 can be used experimentally on two levels of 

data reduction with: (A) a total intensity scattering experi- 
ment with monochromatic incident radiation, and (B) an 
experiment in which the incident spectrum is "white" and the 
wavelength separation just precedes the detection. The second 
arrangement is more complex instrumentally, but it provides 
measurements that allow for more powerful data reduction. 

In a classical configuration for scattering of a monochro- 
matic beam, the magnitude of the scattering vector I K I  de- 
pends on the angle of scattering 20 according to eq 3 but is 
independent of @, the angle of rotation around the incident 
beam axis. A measurement of the cross correlation C ( K ~ , K ~ )  can 
be made for given values of I K ~  I and 1 ~ 2 1  for a range of angles 
$ between ~1 and K Z  that lie on two cones of scattering at  fixed 
angles 01* and 02*. As is illustrated in Figure 3, the maximum 
range of $ spanned between two such cones depends on the 
values 1 ~ 1  I and I K Z ~  but is always smaller than the full range 
of 0" < + < 180". The measured data can be used in the same 
way diffused average scattering is used today to give a 
plausibility figure to theoretical predictions and model cal- 
culations. The measurement of C ( K ~ , K ~ )  is expected to supply 
much more critical criteria for the plausibility of different 
models. 

If, on the other hand, one allows a continuous wavelength 
spectrum to be scattered, any desired scattering vector I K I  at 
any desired angle of scattering 20 can be measured when the 
detectors are preceded by monochromators allowing to pass 
such wavelength for which l z ,  satisfies eq 3 for given I K I  and 
0. In such a configuration one can measure C ( K ~ , K ~ )  for arbi- 
trary values of I K ~  l l ~ p l  and the angle between them, $'. As 0" 
< 20 < 180" and 90" < O* < BO0, values for 0" < O* < 90" can 
be obtained from the relation 

S ( W , K )  = s ( W ,  - K )  (19) 

so that C ( K ~ , K ~ )  can be obtained for 0" < $ < 180". Keeping 1 ~ ~ 1  
and I K ~ I  unchanged, eq 17 can be used to separate explicitly 
the different components of the scattering intensity angular 
momentum. Using the orthogonality relations for Legendre 
polynomials4 

we get (using eq 19) vanishing contribution of odd 1 values, and 
for even values of 1: 
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Table Io 

Structure Amplitudes Intensities Measurements 

reciprocal latt ice  

t 
I 

heavy-atom derivatives 
P (ri) 7 A ( K i )  * - 

orientational 
Scattering from solutions r-- ----- Ip ( r )  P ( r  + R )  dr d a R  

I 
I averaging 

I Specif ic  site I 
labeling i spherical harmonic expansion 

SI,(‘K 1) - I 
P l m ( “ ‘ )  - AI,,, ( ‘ K I )  - 

a FT = Fourier transform; X + Y ,  unique determination of Y from X ;  X--+ Y = ambiquous or partial determination of 
Y from X .  The symbols have the same meaning as in the text. 

/ 

rn=-1 
= c Slrn(lKlI)S/rn*(IK2I) 1 = 0, 2 , 4 , .  . . (21) 

The explicit solution of S~,(IKI) for a certain 1 is now de- 
scribed: Let us envisage Sl, ( ( K ~  I )  as vectors of (21 + 1) com- 
ponents ( m  = -1 , .  . . , 1 )  and let us measure C ( K ~ , K ~ )  and cal- 
culate C ~ ( I K ~ I , ~ K ~ J )  for all possible pairs from a set of values, 
K ~ .  The sums 

give for i = j the magnitudes of the vectors. For i # j the scalar 
products give the cosine of angles between two such vectors. 
If we find one solution to the set of eq 22, then the set rotated 
with arbitrary angle wl 

is also a valid solution. since 

1 R;m.(w)Rkm..* ( w )  = 6,,,.. ( 2 4 )  

The physical meaning of eq 23 is that the solution is unique 
up to an arbitary rigid rotation; as for a suspension of unor- 
iented particles the reference frame of coordinates is of no 
significance. This is not the case in the crystal diffraction 
pattern, where the frame of coordinates rotates together with 
the crystal. We can prescribe a special solution to eq 22 by 
forming (21 + 1) independent vectors for (21 + 1) values of ~ i .  
The first vector is:7 

( 2 5 )  

The other components vanish. The second vector has two 
components: 

sl(-f)’(l K 2 1 )  = cl( I K 2 I  > I K 1 1  )/sl(-l)(l K 1 I )  ( 2 6 )  

rn 

s/(-l)’( 1 K l l )  = h(Cl(IK11) I K 1  I 

SL(-L+l)’(lK21) = * ( ~ l ( ~ K 2 ~ , ~ K ’ 2 ~ )  - [sl(-l)((K2()]2)1’2 (27) 

The third has three components and so on. All together we 
have (21 + 1)(1 + 1) equations and the same number of un- 
knowns. This solution is unique up  to signs and can generate 
(via eq 2 3 )  the general solution. In addition to the sign am- 
biguities which originate from the fact that the correlation 
C ( K ~ , K ~ )  is quadratic in scattering intensities, the random 

orientation of the molecules in the solution makes the ex- 
perimental information invariant to free relatiue rotation of 
the different angular symmetry components with respect to 
each other (i.e., a different angle w~ for each set of Sl,, m = -1, 
. . . , I ) .  Thus, if we approximate the scattering intensities with 
a sum of spherical harmonics trunquated after the first 2 L  
terms (Le., 1 = 0 , 2 , 4 , .  . . , 2 L )  (see eq 13) the spatial correla- 
tion C(K1,KZ) yields a solution unique up to ( L  + 1 ) ( 2 L  + 1 )  
arbitrary signs and L arbitrary rotations. Actually the re- 
quirement for positive scattering intensities of the molecular 
scattering function S(O,K)  for all w and K can be used to elim- 
inate some of the degrees of freedom of the general solution. 
Also some rotations can transform one solution to another 
with inverted signs, and rotations of the L = 0 and 2 terms can 
be discarded without loss of generality, so that the number of 
independent solutions physically possible is greately re- 
duced. 

The uniqueness of the solution can be achieved if “specific 
site labeling” can be applied in a way analogous to the use of 
“Heavy Atom Derivatives” in x-ray crystallography. As we 
deal with large scattering masses, the meaning of specific site 
labeling may be addition of scattering centers in specific 
locations such as Ferritin antibodies or deutrated regions, so 
that the overall scattering pattern will have a sizable change. 
This technique, which is used for resolving the problem of 
phases of the scattering amplitudes A ,  calculat,ed from the 
measured intensities of diffractions from crystals, can be used 
here also to determine signs and orientations of the different 
components of the single-particle scattering intensities S when 
calculated from the correlations C. In Table I we summarize 
the measurements and data reduction for x-ray crystallogra- 
phy, diffuse scattering from solutions, and spatial correlation 
measurements. In Appendix A the elimination of the scat- 
tering amplitudes is outlined using the specific site labeling 
derivative data. 

This completes the constructive proof of the ability to solve 
the structure of particles in solution using the proposed 
scattering technique. 

(IV) Experimental Feasibility and Signal-to-Noise 
Evaluation 

The fluctuating part of C(K1,KZ) has to be measured within 
a time period comparable to the rotational diffusion of the 
scattering particles. If averaged over longer times the ampli- 
tude of the cross correlation of the fluctuations becomes 
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vanishingly small. The amount of rotation needed to change 
the scattering pattern considerably depends on the required 
resolution and the scattering angle. Forward scattering in- 
tensity depends only on the total electron density of the 
scattering particle and not a t  all on its orientation. At higher 
scattering angles finer details of the structure are expressed 
and the scattering pattern is varying faster with angle. Also 
the to!,:; scattering intensity goes down rather sharply for 
increak ,-g scattering angles although the relatiue amplitude 
of the fh :tuations goes up. Hence, in order to obtain the finer 
structural details, one has to sample the fluctuating instan- 
taneous scattering pattern during even shorter intervals at  
progressively wider scattering angles and with higher angular 
resolution. The decrease of intensity (encountered by satis- 
fying the above requirements) sets the practical limit to the 
resolution one can expect in a given experiment. 

The signal-to-noise ratio (SNR) for these experiments can 
be evaluated as follows: The signal is the fluctuation in the 
number of scattered x-ray photons (or neutrons). The noise 
is the statistical uncertainty which is mainly contributed by 
the average diffuse scattering. Neglecting the solvent and 
other parasitary background scattering we can write eq 28. 
The function S(W,K) is written in units of number of scattering 
events per particle per unit time per unit solid angle, AT is the 
duration of accumulation of the momentary scattering  st(^), 
and Ail1 and ARz are the angular resolution of detection. We 
can define a coherence region ARC as the region over which 
S(W,K)  stays constant: 

ARC N AOCA9, (29) 

As we discussed in the previous section, a change in 0 in- 
troduces a change in J K I .  118, can be estimated as the change 
in K for which the phase difference across the scatterers di- 
mension, u ,  approaches unity. If the wavelength approaches 
the size of the particle, a more stringent limitation might be 
the condition that the required resolution d is achieved. 
Thus: 

Rotation around the axis of the incident beam does not change 
I K I  , and variations in the scattering pattern depend on reso- 
lution only. If we aim a t  a resolution, d ,  then we have: 

A+c 5 n(d la )  (31) 
and A+, in a dif- 

ferent way that ties directly with the spherical harmonics 
expansion of S(W,K).  If we look at  one term in the sum of eq 13, 
the function Ylm(R*) has a t  most L nodes as a function of P* 
or 9, thus: 

A& N A+., N AIL (32) 

If A121 is increased beyond ARC the integral JSC I K ~  I ) dK1 in- 
creases proportionally, but the integral ~ C ( K ~ , K Z )  dK1 is not 
quite proportional to AR1 since the high resolution informa- 
tion in C in the form of fast variations is changing randomly 
and thus averages in L2 space. Similarly, by averaging longer 
than some characteristic time ATR, the fluctuations average 
out. ATR can be estimated as follows: If the particle rotates in 
angle Aw such that its maximum distance of motion is Ar N 

Awa I ~ 1 - l  the scattering pattern can change considerably. 
For diffusive motion Aw = (DRATR)”~, DR being the rota- 

We can approach the evaluation of 

tional diffusion coefficient. Substituting Aw N 111 Kla we ob- 
tain: 

(33) 

As the available strongest x-ray and neutron sources, i.e., 
synchrotron Bremsstrahlung and high-flux nuclear reactors, 
emit a continuous spectrum of wavelengths, it  is important 
to evaluate the maximum allowable wavelength range. The 
condition for coherent scattering from a particle of dimension 
a with required resolution d is: 

(34) 

As both the numerator and the denominator in  ey 28 are 
proportional to N ,  the number of scattering particles, the SNR 
is independent on N (as long as the background scattering is 
not dominant). 

The optimal SNR is thus achieved when the scattered 
photons (or neutrons) are accumulated in regions Ai& during 
time intervals ATR. In this case: 

where depending on the conditions we get 

or 

N ( ~ d l a ) ~ / D ~  (36) 

or 

1: ( A / L ) ~ / D R  

As S ( W , K )  is proportional to the incident beam flux, J ,  we see 
that the SNR ratio is proportional to J .  This is of course the 
largest disadvantage of any fluctuation analysis method. 
Compared to diffraction from crystals, where the intensity of 
the diffraction spot is proportional to the square of the num- 
ber of molecules (neglecting mosaic effects and assuming a 
coherent beam) and to the incident flux, in the fluctuation 
experiment, the spatial correlation (which is quadratic in 
measured intensities) is just proportional to  the number of 
particles. Because of the value of the average background, the 
actual signal-to-noise ratio is only proportional linearly to the 
incident flux and is not proportional at  all to the number of 
molecules. In practice it is necessary to scatter from many 
molecules because it is desirable that the scattering from the 
solvent and other sources of noise which were not taken in 
account in eq 35 should be made as small as possible. 

Experimentally, we see that the incident wavelength has 
to be matched to the required resolution for the constraint 
of the rotation in the 0 direction not to introduce the 
l l ( a  Ihi I cos 0) factor into the SNR. We should also mention 
that the incident flux can be pulsed. This might be necessary 
due to sample heating by the incoming high flux. 

If we want to evaluate the SNR for an experiment in which 
the resolution required is about ‘14 of the particles size (or 
equivalently, we match with spherical harmonics up to L = 
4), we see that SNR = 1 if we can detect a few scattering 
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according to Guinier.5 Rewriting his result in our terminology 
we have: 

On '30" 180° 270" 360" 
- $  

Figure 4. (a) The diffuse scattering pattern, S ( ~ K [ ) ,  as a function of 
the scattering vector magnitude, for an ellipsoid of revolution with 

.semiaxes (a, a, 2 . 5 ~ ) .  (b) The spatial correlation C ( K I , K ~ )  = 
C ( ~ K ~ ~ , ~ K ~ ~ , $ )  as a function of the angle # between two scattering 
vectors, of equal magnitude I K ( ,  for the above ellipsoid. The function 
C was plotted after the subtraction of the isotropic part (1 = 0 term 
in eq 17 which is proportional to the square of the average intensity, 
eq 18) and normalization to the square of the average intensity. The 
twofold symmetry as well as higher order Legendre polynomial 
components are evident. 

events in ~ / D R  s, from each particle. A total of 10l1 scattering 
events per second from about lo9 molecules, and D R  lo2 s-l, 
gives SNR 1, which makes such an experiment feasible. A 
concentration of 0.17 mg/mL of a lo6 molecular weight particle 
(0.17 KM concentration) in a 0.1 X 0.1 X 1.0 mm scattering 
volume contains lo9 molecules and the scattering from the 
solution is about twice that of the solvent. lo1' scattering 
events require incident flux of 1016 photons (or neutrons) per 
second in the initial beam, in a wavelength range according 
to eq 34. 

(V) An Illustrative Example 
In order to anticipate the kind of data which will be ob- 

tained experimentally I have chosen a simple shape for a 
computer calculation: an ellipsoid of revolution. 

The calculation of the scattering intensities was carried out 

[ 3(sin u ,I cos u) 2 - 
= 0 ( u )  1 S ( W , K )  = (37) 

where 

U = I K l U ( 1  + ( U 2  - 1) COS2 6) l l2  (38) 

the ellipsoids three semiaxes are (u,u,uu) and 6 is the angle that 
the vector K forms with the axis of revolution of the ellipsoid. 
In terms of the scattering angle, 20, and the angles (p, 4) of the 
axis of revolution of the ellipsoid (assuming without loss of 
generality that K lies in the y-z plane) we obtain 

(39) 

Taking O* = 90° for ~1 and (90 + $) for ~2 we can now write the 
expressions for S ( ~ K / ) :  

cos 6 = cos 0 sin p cos $ - sin 0 cos 

s ( l K I )  = 8 ( I K l U ( 1  + ( U 2  - l)u2)1/2dW (40) 

and for C(K1,Kz): 

- 8  [ I K l l U ( l  f ( U 2 - 1 ) ( 1 - W 2 ) C O S 2 4 ) 1 / 2 ]  

*8[IK21U(l + ( U 2  - 1) - ((1 - w ~ ) ~ / ~  cos $cos 4 - w sin 45)2)1/2] (41) 

w was substituted for cos p. The values of S (  I K I )  were tabu- 
lated by Mittelbach and Porod.6 In Figure 4, s ( [ ~ / )  and 
C( I K I ,  I K I  ,$) are plotted for an ellipsoid with axial ratio u = 2.5. 
Figure 4b demonstrates the behavior of the relative fluctua- 
tions as a function of the scattering vector. There are no 
fluctuations for K = 0, and the relative fluctuations increase 
as K becomes larger. The scattering intensity decreases with 
I K I .  Figure 4b demonstrates also the meaning of the coherence 
angle AQ which defines the allowable detector area as a 
function of the resolution required. In this simple case of an 
ellipsoid the obvious twofold symmetry is exhibited in 
C( I K I ,  I K I  ,$) as a function of $. We recall that this information 
is totally obscured in S (  1 ~ 1 ) .  

Finally, a visualization of the experimental data is given in 
Figure 5 ,  using a simplified two-dimensional simulation which 
still demonstrates the features of the momentary scattering 
pattern. 

A suspension of elliptical particles is represented by rice 
grains randomly spread on the table (right column of photo- 
graphs in Figure 5 ) .  The scattering patterns (left column) were 
obtained by optical Fourier transform of a reduced trans- 
parency of the grains. The single grain transform is given in 
Figure 5a. The transform of the rectangular mask produces 
the line of reflections on the two perpendicular axes. The 
optical Fourier transform of two rice grains is given in Figure 
5b and it is the sum of two rotated patterns of Figure 5a. The 
interparticle interference produces the striations which are 
finer the more distant the grains are. Figure 5c is the three 
grains transform and Figure 5d is the transform of six grains. 
The transforms approach very fast the axially symmetric 
pattern, yet even in Figure 5e, the transform of some 60 grains, 
the fluctuations in the pattern are apparent, and processing 
of these fluctuations produces the single grain scattering 
pattern. 

The possibility of analyzing randomly oriented noisy pat- 
terns using the spatial correlation technique is directly ap- 
plicable to electron micrographs image enhancement. The 
practical aspects of this process are the subject of a separate 
note.8 



Vol. 10, No. 5, September-October 1977 

a .  

b. 

C .  

d .  

e .  

Figure 5. Optical Fourier transformation of randomly oriented rice 
grains. As the number of grains increases the pattern of the transform 
approaches the usual orientational average picture. Still the fluctu- 
ations in intensity are apparent even in the last transform. In order 
to cover a wider range of scattering intensities, the last transform, e, 
contains two half-frames of different exposure times. The radial 
variations in intensity can be directly compared with Figure 4a. The 
products of intensities at angles Q and Q + #averaged over 4 gives the 
two-dimensional analogue of Figure 4b 

VI. Summary 
In this paper I have proposed a new way of measuring and 

analyzing scattering from solutions of large molecules. The 
mathematics necessary to elucidate the information available 
from the proposed measurements are developed along with 
analysis of the experimental conditions needed to perform a 
feasible experiment. 

Although in principle the technique i s  very promising, a t  
this stage data acquisition that would allow structure deter- 
mination at  the resolution obtainable from x-ray crystallog- 
raphy of macromolecules does not seem possible. The method 
does permit though structural analysis at  moderate resolution 
in solution and does not require organization of the macro- 
molecules into a crystalline lattice. Thus the method is par- 
ticularly advantageous for structural determination of 
assemblies consisting of many macromolecules like viruses, 
ribosomes, and muscle filaments where data at the 10 8, level 
would be useful. All the methods so well developed previously 
for x-ray diffraction and scattering studies, like specific site 
labeling, contrast variation, and isotope replacements, are 
directly applicable to this technique. One can expect to find 
spatial correlation measurements of great value for localiza- 
tion of nucleic acids and proteins in their complexes (like ri- 
bosomes, viruses, and chromatin), for obtaining structural 
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information ahout membrane proteins in situ, and for 
studying structure of macromolecules by scattering from 
suspensions of microcystallines in cases where large enough 
crystals for diffraction work are not available. 

We hope that the technical difficulties in this method may 
well be found less inhibiting than the need to grow single 
crystals. 
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Appendix A 
In this appendix, the use of the technique of specific site 

labeling (SSL) is made to indicate how a unique structure of 
molecules in solution can he calculated from the measured 
spatial correlations of the scattering fluctuations. 

Let us add to the scattering density of the molecule p(r) a 
labeled site a t  a point ro, which can be chosen to lie on the z 
axis. The labeled site means in the generalized sense a local- 
ized strong scattering center, of size smaller than the resolu- 
tion one intends to achieve. 

The SSL has the scattering density: 

pH(r) = p(r) + b8(r - ro) 
The new scattering amplitude is given by: 

(AI) 

AH(K) = A(x) + (211)-3’2be=.‘o (A2) 
and the scattering intensity is: 

SH(x) = S ( K )  + 2Re[(2a)-3/ZA(n)b*e-[..~o] +u (A3) 

The experimentally measured correlations will be assigned 
as C H ( K ~ , K ~ ) .  

(2a)3 

The expansion of A H ( 4  in spherical harmonics gives: 

2 .  . 
A i m H ( I ~ I )  =Ai,(l~l)  + ; ~ ‘ b J d ~ ~ ~ ~ ~ r o ~ ) 8 m o  (A4) 

Here one uses the fact that ro is along the z axis (its polar angle 
$20 = 0) so that: 

The general idea of using the SSL data for resolving the 
orientational ambiguities of the different harmonic compo- 
nents is now clear: The newly introduced scattering center a t  
ro gives a well-defined contribution to each one of the com- 
ponents of the scattering amplitudes. The choice of ro along 
the z axis i s  convenient, as it means that except form = 0 all 
pairs of components AI, and AlmH have to be equal. A phase, 
eimal, introduced by rotation around the z axis is  still a free 
parameter to he resolved by another SSL. The quantities 
solved directly from the measured correlations C(x,,x,) and 
CH(~1 ,~2)  are Slm and SI,H. The complex relations between 
Si, and Alm3 require hence further mathematical manipu- 
lations. 

Using the decomposition formula for by-products of 
spherical  harmonic^?^^ the components of SH(x) are given 
by: 

lb I2  
(2*) 

SlrnH(1Kl) = SLm((K( )  + Hlm(lK1) f 7 8 ~ o 8 m o  (AS) 

where: 
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and 
(SHRH - S)1, = 0 (m > L )  (-410) 

These relations used for different values of K can be used to 
derive A l m ( ~ )  as well as W L ,  W I H ,  and Irol. 
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real. 

CMnlm( 1 ~ 1 . 1  rol ) A l l m (  I K I  
11 

(A71 

If we approximate the structure by its first L spherical com- 
ponents, we obtain for L < 1 < 2L and L < Iml < 1: 

Hlm(lK1) = 0 (A81 

The quantities S L ~ ’  solved via eq 25-27 are related to the 
“true” SI ,  of eq 13 by unknown rotations. So do the SlmH’ 
which are obtained from the SSL. If we assign R = R ( q )  as 
the angles of rotation for Slm’ and RH-R = R(wlH) for SlmH’ 
we can write: 
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ABSTRACT: The translational diffusion coefficient and intrinsic viscosity of the characteristic regular helix corre- 
sponding to the minimum configurational energy of the helical wormlike chain are evaluated by an application of the 
Oseen-Burgers procedure of hydrodynamics to the cylinder model. The model is discussed in relation to the trans- 
port length scales to be adopted, and the possible effect of the coupling between translational and rotational motions 
is examined. Evaluation is carried out with the use of the Oseen hydrodynamic interaction tensor nonpreaveraged 
or preaveraged. The results may be written in terms of four model parameters: the total contour length L, the diame- 
ter d of the cylinder, and the radius p and pitch h of the helix. In all cases, the asymptotic solutions are found. In the 
case of the preaveraged Oseen tensor, the numerical solutions are also obtained. 

Recently, we proposed a very general continuous model, 
called the helical wormlike chain,1,2 for stiff or flexible chain 
macromolecules of all types, and already developed the sta- 
tistical mechanical theory for some of its equilibrium prop- 
erties.2-6 In the present series of papers, we study its steady- 
state transport properties. The model may be regarded as a 
hybrid of the three extreme forms of rod, random coil, and 
regular helix. Thus, first in this paper, we evaluate the 
translational diffusion coefficient, which is related to the 
sedimentation coefficient, and the intrinsic viscosity of the 
characteristic regular helix,’ i.e., one of these extreme forms 
corresponding to the minimum configurational energy of the 
model chain. 

As in the case of the Kratky-Porod (KP) wormlike  hai in,^-^ 
evaluation is carried out by an application of the Oseen- 
Burgers procedure of hydrodynamics to cylinder models, the 
cylinder axis or chain contour being a regular helix for the 
present case. The procedure is rather well established for the 
K P  wormlike cylinder, but two new fundamental problems 
to be considered arise for the present model and therefore also 
for the helical wormlike cylinder. One is in the hydrodynamic 
molecular model itself and the other in the hydrodynamic 
analysis of the frictional force. As previously discussed,l the 
shift factor ML, as defined as the molecular weight per unit 
contour length of the helical wormlike model, is closely related 
to the length scales to be adopted for a given real chain which 

t This paper is contributed to the celebration of the 80th birthday of Dr. Maurice 
L. Huggins, in recognition of his lasting contributions to polymer science. 

is replaced by the former, and such length scales depend, to 
some extent, on the latter and also on the property or behavior 
to be considered. Thus, the values of ML and also of the radius 
and pitch of the characteristic helix determined for various 
real chains from their characteristic ratios and persistence 
vectors do not necessarily apply to the transport properties. 
This is the first problem. The second fundamental problem 
is to examine the effect of the coupling between translational 
and rotational motions such that cross terms occur in the 
generalized 6 X 6 diffusion tensor of skew bodies like the 
regular helix.lOJ1 Note that the coupling of this kind does not 
occur for nonskew bodies like rigid rods and rings. 

Thus, in section I, the hydrodynamic molecular model is 
discussed in relation to the length scales to be adopted. In 
section 11, a formal solution for the instantaneous frictional 
force of the helical cylinder is obtained in the Oseen-Burgers 
approximation without preaveraging the Oseen hydrodynamic 
interaction tensor. In sections I11 and IV, the translational 
diffusion coefficient and intrinsic viscosity are evaluated, 
respectively, each with the Oseen tensor nonpreaveraged or 
preaveraged. In particular, a large part of section I11 is devoted 
to a rather detailed discussion of the coupling effect. In all 
cases, the asymptotic solutions are found. For the case of the 
preaveraged Oseen tensor, the numerical solutions are also 
obtained. 

(I)  Hydrodynamic Molecular Model 
As stated in our hypothesis on polymer chain configura- 

tions,’ the length scales to be adopted in the replacement of 


